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Consecutive biochemical reactions in an immobilized enzyme particle under the effects of internal and external diffu- 
sional resistances are analyzed. A rigorous nonlinear reaction kinetics is employed and the steady state effectiveness factor 
with negIigibIe enzyme dsnaturation compared with the previous prediction by the first-order kinetics. It is found that the 
difference between them is rather substamS under most circumstances. The cases with significant enzyme denaturation 
axe ako investigated by using an unsteady state model. The substrate concentration responses to variation of the physical 
and kinetic parameters reveal many interesting characteristics of the reaction system. 

I. Introduction 

Because of their unique activities and specificities 
toward substrate, enzymes are important catalysts 
for inducing biochemical reactions and are widely 
used in continuous conversion of substrates in food 
processing industries. In many industrial applications, 
enzymatic reactions are generally carried out in ho- 
mogeneous systems where the soluble enzymes are 

mixed homogeneously with the substrate solution_ 
To isolate the final products, the soluble enzymes are 
generaliy denaturedby heating or by hydrolysis, 
which results in considerable loss of enzymes. The 
fact that enzymes are expensive and very difficult to 
isolate points out the importance of immobilizing the 
enzymes to water-insoluble supports. The immobilized 
enzymes, which are covalently attached to or phys- 
ically adsorbed in water-insoluble supports, can be 
used in suspension or in packed-bed form. The advan- 
tages of the use of immobilized enzymes are the sta- 
bility against denaturing agents and ease OF recovery 
for repeated use for continuous conversion of sub- 
strates_ 

Quite recently, there has been a growing interest 
in the kinetic studies of immobilized enzymes [ 14]_ 
However, most of the previous investigations were 
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primarily concerned with single immobilized enzym- 
atic reaction only. In fact, a number of enzymatic re- 
actions often follow a consecutive reaction sequence 
in which the product from one reaction step becomes 
the substrate for the next reaction [5,6]. Some exam- 
ples of consecutive enzymatic reactions can be found 
in W&man [S] , Laidler and Bunting [6] and Gold- 
man and Katchalski [7] _ Compared to those of single 
enzymatic reactions, kinetic studies of consecutive 

enzymatic reactions are still meager. Goldman and 
Katchalski 171 appear to be the first authors exam- 
ining biochemical reactions of two-enzyme system. 
However, they considered simple first-order reaction 
only which actually can not exhibit the true charac- 
teristics of the enzymatic reactions. Lin [8] examined 
the consecutive enzymatic reactions in a packed-bed 
reaction by assuming negligible substrate diffusion 
resistance inside the immobilized enzyme particles. 
More -recently, Krishna and Ramachandran [9] inves- 
tigated the effect of mass transfer resistance on the 
consecutive enzymatic reactions_ These authors also 
employed the same first-order kinetics as was done by 
Gold and Katchalski 171. 

As indicated by the previous review, there is a need 
to investigate the effect of mass transfer resistance on 
the consecutive enzymatic reactions by using a rigor- 
ous reaction kinetics which is normally nonlinear in 
characteristic rather than linear. In addition, all the 
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previous investigations considered steady state reac- 
tions only. in the exact sense, the immobilized en- 
zymatic reactions are transient because of inherent 
enzyme denaturation. Under favorable reaction con- 
ditions, such as at relatively low reaction tempera- 
tures and/or free from denaturing agents, immobilized 
enzymes can last several weeks or even longer. For 
this instances steady state reactions are a good ap- 
proximation to the true situation_ In fact, such favor- 
able reaction conditions may be difficult to maintain 
in real large-scale industrial reaction systems and the 
immobilized enzymes can be completely denatured 
in a few hours. Therefore, an unsteady state reaction 
becomes important for this case. This problem has 
not been dealt with before and will be explored in 
this work. 

2. Steady state model 

The consecutive immobilized enzymatic reactions 
can be represented by the following reaction sequence 

% 
enzyme 1 

S2 

enzyme 2 
P, (1) 

where St is.the initial substrate, S2 the product of 
the first reaction and the substrate for the second re- 
action and P the final product. By assuming that the 
enzymes are uniformly immobilized in the spherical 
water-insoluble supports, a material balance for each 
substrate can be represented by 

D ( 

d2Sr 2 d% 
) 

VI 
7 +rZ- -S,+Q =O* (2) 

( 

d2S2 2 % 
) 

5% 592 
D T+;dr +S1’kml-S2+km2=07 (3) 

and the boundary conditions are given by 

r=o; dsp=o, dSJdf=O, (4) 

d% 
r=r,; D 7 = h,(S,,-S,), 

d% 
D dr = fz,(S,,-S,), 

(5) 

where Sf and Sz are the concentration of the first 
and second substrates, D the diffusion coefficient, VI 
and V2 the maximum reaction rates, km1 and km2 

the Michaelis constants, fzl and fz2 the mass transfer 
coefficients, SIO and SZO the concentrations of the 
first and second substrates in the bulk phase and r 

the radial coordinate. If S, < km1 and S2 -=Z k_m2, eqs. 
(2) and (3) reduce to those considered by Krishna and 
Ramachandran [9] _ In fact, the first-order reaction 
constitutes a special case of the real situation and the 
majority of the consecutive immobilized enzymatic 
reaction can only be represented by the general equa- 
tions, eqs. (2) and (3). 

For convenience of computation, eqs. (2) through 
(5) can be cast into dimensionless forms by using the 
following dimensionless variables and parameters 

VO R=L, Sh,=- 
hzfo 

‘0 D ’ 
Sh,=- 

D ’ 
n 

30 
(y=_ 

%o ’ 
Eqs. (2) through (5) then become 

d2CI 2 dC1 Wl 
dR’fRdR-Cl+K,l=O* (6) 

d2Cz 2 dC2 $15 
-+--i 

42=2 

dR2 R dR C1+Kmr-C2+Km2= 
0 (7) 

and 

R=O; dC@R = 0, dC2/dR = 0, 

R= 1; dCt/dR=Sht(l-Cl), 

dC&iR = Sh2(a - C,), (9) 

in which Q1 and Q2 are the Thiele moduh and Shl 
and Sh, the modified Sherwood numbers. The modi- 
fied fied Sherwood numbers represent the relative im- 
portance of the internal to the external mass transfer 
resistances. if they are very large, the extemai mass 
transfer resistance is neghgible and the boundary con- 
ditions at R = 1 become Cl = 1 and C2 = cr. This situa- 
tion may occur when the immobilized enzyme particles 
are suspended in a well-mixed tank reactor. However, in 
a packed-bed reactor, the external mass transfer resis- 
tance becomes significant because of the stagnant liquid 
film coated around each immobilized enzyme particle. 
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Fig. 1. Comparison of the effectiveness factors predicted-by 
the first-order kinetics (broken lines) and by the nonlinear 
one (solid lines) with K,, = K,, = 0.5_ 

The effectiveness factor, which is defined as the 
ratio of true reaction rate to that without mass tsans- 
fer resistances, can be represented in dimensionless 
form by 

9= (W 

Although&s. (6) and (7) are nonlinear, they can be 
integrated numerically by an iterative Runge-Kutta 
method [IO] on a digital computer. 

Fig. 1 shows the comparison of ti.; results obtain- 
ed using the nonlinear reaction kinetics (solid lines) 
and those obtdned by Krishna and Ramachandran 

[9] (broken lines). It is apparent that the difference 
between them is rather substantial and the predictions 
by the first-order reaction kinetics can be as much as 
SO% below the present predictions. This indicates 
that representation of the nonlinear kinetics by the 
first-order one is not quite acceptable except for the 
cases with k,l % S1 and km2 Z+ S2 which may occur 
at the end of the reaction or when the initial substrate 

concentrations are very low. 

3. Unsteady state model 

As mentioned previously, the activity of enzymes, 
either in soluble or in immobilized form, tends to de- 
crease during the reaction. The above analysis under 
steady state conditions is vaIid oniy if the denatura- 
tion time of immobilized enzymes is much longer 
than the reaction time under consideration_ In many 
industrial applications, this may not be always the 

case. Hence, to explore the reaction behavior of the 
system where the denaturation time of immobilized 

enzymes is relatively short, an unsteady state model 

is needed. 
The enzyme denaturation rate is rather complex 

function of the PH, temperature, enzyme concentra- 
tion, substrate concentration and so forth [61. Under 

most circumstances, a first-order kinetics is a good 
approximation f6,t 11 

d.EJdr =--kciEi, i= 1,2, (11) 

in which Ei represents the concentration of the ith 
enzyme and kCi the corresponding denaturation rate 
coefficient. 

The substrate balance equations under unsteady 
state connitions can be obtained by incorporating the 
unsteady state terms into eqs. (2) and (3) 

as, 
-D 

a2sl ?asl 
( 
_ *=__ _ klElsl 

X- ai' r at- ) Sl*%nl ’ 
(12) 

as, 
( 

a's, 7 as, 
-1=D ; +=- f VISl V2S2 

af aS 1 ar ) S, + k,, - S,-+ k 
- mZ -(13) 

where k, and k2 are the turnover numbers for the 
first and second reactions and E, and E2 the enzyme 
concentrations as given by eq. (11). The boundary 
conditiorls for the above equations are the same as 

those oi eqs. (4) to (6) and the initial condition can 
be represented by 

r=O; Sl =s, =o, (14) 

By combining with eq. (11) and casting into dimen- 
sionless forms, eqs. (12) to (14) become 
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q2C exe(-Plr) G$G exe(-P20 
+ 1 l 

C1+K*l - - C,M,, 

and 

r=O; ct = c, = 0, 

R = 0; aC,IaR = aqaR = 0, 

(16) 

(17) 

(18) 

R = 1; a=1 
== Sh,(l--C,), 

ac2 
aR = Sh+C& (1% 

where r represents the dimensionless time, tD/ri, 01 
and f12 the dimensionless denaturation rate coefti- 
cientc. kel~i/D and &,,r$D_ The nonlinear partial 
di<ferential equations of eqs. (15) and (16) can be 
solved numericaLly by the Crank-Nicolson finite dif- 

ference method [lo] for Ct and C2 for different 

characteristic parameters. Some interesting results are 

shown in the foIlowing figures. 
Figs. 2 and 3, respectively, show the effect of the 

modified Sherwood number on the dimensionless 

Fip. 2. Effect of the modified Sherwood number on the di- 

mensionless concentration distributions of the fust substrate 
withr=1.0,p,=pZ=1,~,=~z=5,Km,=Km2=0.5,~= 

0 and Sh, = Shz = Sh. 
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Fig. 3. Effect of the modified Sherwood number on the di- 
mensionless concentration distributions of the second sub- 
strate with the same parameters as used in fig. 2. 

concentration distributions of the fast and second 
substrates. In these and the following figures, the mod- 
ified Sherwood numbers are assumed to be the same 
for both reactions, i.e. Sh, = Shz. It is seen that the 

first substrate concentration increases steadiIy with 
increasing modified Sherwood number. As the modi- 

fied Sherwood number increases, the external mass 

transfer resistance decreases in importance and this 
tends to facilitate tbe diffusion of the substrate into 
the immobilized enzyme particle. As can be seen in 
fig. 2, the dimensionless substrate concentration at 
the particle surface is very close to one for Sh > 50 
implying that at this high modified Sherwood num- 
ber, the external mass transfer resistance is negligible. 
This situation will be realized in a well-stirred tank 
reactor where the stagnant liquid film outside the par- 
ticle is reduced to minimum. 

Fig_ 3 demonstrates the dimensionless concentra- 
tion distributions of the second substrate pertaining 
to the same kinetic parameters of fig. 2. It is of inter- 
est to note that the central substrate concentration at 
low modified Sherwood number is lower than that at 

a high one while the situation at the surface is reversed. 
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Fig. 4. Transient responses of the dimensionless concentra- 
tion of the first substrate with the same parameters as used 
in fig 2. 

At high modified Sherwood number, the concentra- 
tion of the first substrate inside the particle is hi& as 
shown in fig. 2 because of reduced externaI mass 
transfer resistance, hence more second substrate is 
generated_ However, at the particle surface, the sec- 
ond substrate concentration must become closer to 
that in the bulk liquid phase, which is assumed to be 
zero here, as the modified Sherwood number in- 
creases. This is the reason the second substrate con- 
centration at the surface increases with decreasing 
modified Sherwood number. 

The dimensionless concentration of the first sub- 
strate against the dimensionless radial coordinate and 
the dimensionless time is displayed in fig. 4 for a fix- 
ed Tbiele modulus and modified Sherwood number. 
The dimensionless substrate concentration increases 
more rapidly with increasing dimensionless time at 
the surface than at the particle center. This is anti- 

cipated because the step change of substrate concen- 
tration at the surface takes some time to reach the 
particle center. The substrate concentration profile 
increases steadily with increasing dimensionless time 
and tends to asymptotically approach one at very 
large T. This is due to the fact that after very long re- 
action time, the immobilized enzymes will be com- 
pletely denatured and the whole immobilized enzyme 

R 

KS. 5. Effect of the fhielc modulus on the dimensionless 
concentration distributions of the first substrate with Shr = 
Shz =SO,Km, =A-,, =O.S.Br =& = I,T= I anda=O. 

particIe is fuIl of both substrates. 
The effect of the Thiele modulus on both sub- 

strate concentration distributions are shown in figs. 
5 and 6 for a particuIar dimensionless time of 1.0. 
Fig. 5 displays that the concentration distribution 
of the first substrate increases with decreasing Thiele 
modulus because of reduced reaction rates. At a 
low Thiele modulus of 1.0, the substrate concentra- 
tion is rather high implying low substrate conver- 
sion_ It is also observed that at this particular di- 
mensionless time, the substrate concentration de- 
creases so rapidly for Sh > 10 that it is completely 
consumed before it reaches the particle center. The 
radius where the substrate concentration approaches 
zero is generally called the critical radius. For a fix- 
ed Thiele modulus, the critical radius, if existing, 
will decrease with increasing dimensionless reaction 
time because of decreasing enzyme activity. 

The dimensionless concentration distribution of 
the second substrate in fig..6 is fairly law at Q = 1.0 
when compared to others at higher 9. This is due 
to low conversion of the first substrate as mentioned 
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R 

Fig. 6. Effect of the Thiele maduIus on the dimersiotiess 
concentration dislributions of the second substrate with the 
same palamcrers as used in fig_ 5. 

previously. However, it is not very clear why the 

central substrate concentration at Q = 5.0 is higher 
than that at Q, = 7.0 which in turn is higher than 

that at @ = 10.0. Ir might be due ta high conversion 
of the second substrate to foal product at high 
Thiele modulus. The reason the substrate cancentra- 
tion profdes for Q = 7.0 and 10.0 reach a maximum 
is not very clear either. 
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